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The relaxation of many-body system is still a challenging problem that has not well been under-
stood. In this work we exactly calculate the dynamics of the quantum XY model with boundary
dissipation, in which the density matrix in terms of Majorana operators can be decoupled into
independent subspaces represented by different number of Majorana fermions. The relaxation is
characterized by multiply time scales, and in the long-time limit it is determined by the single par-
ticle relaxation process in a typical time scale T ∗. For the bulk bands, we find T ∗ ∝ N3/γn2 in
the weak dissipation limit; and T ∗ ∝ γN3/n2 in the strong dissipation limit, where N is the chain
length, γ is the dissipation rate and n is the band index. For the edge modes T ∗ ∝ 1/γ, indicating of
most vulnerable to dissipation in the long chain limit. These results are counter-intuitive because it
means any weak dissipation can induce relaxation, while strong dissipation can induce weak relax-
ation. We find that these two limits correspond to two different physics, which are explained based
on the first and second-order perturbation theory in an equivalent non-Hermitian model. Further-
more, we show that even in the long chain limit the relaxation may exhibit strong odd-even effect.
These results shade new insight into the dynamics of topological qubits in environment.
While the dynamics of qubits in environment has been
well studied [1, 2], the same issue in the many-body sys-
tems is still one major challenge in theory [3–15] due to
more expensive computation cost [16]. However, this is
an important question at least from two diverse aspects.
The many-body systems may possess some features that
are totally different from the single particle systems, such
as ergodicity and thermalization [17, 18], which are fun-
damental concepts in statistics. In the trapped ions, it
may exhibit different dynamics depending strongly on
the initial states, which are explained based on quantum
many-body scar [19–21]. Moreover, it is also an impor-
tant issue in topological quantum computation [22–24],
in which the two ground states are separated from the
excited bands by a finite energy gap [25–33]. Thus if the
temperature is much lower than the excitation gap, the
occupation of the excited states are exponentially small.
This picture is not necessarily true in the presence of
dissipation, which can induce direct coupling between
ground states and excited states.
Here we explore the roles of edge modes and bulk bands
in the dynamics of the quantum XY model with bound-
ary dissipation, in which the two ground states are pro-
tected by a finite gap. (I) In terms of Majorana operators,
the density matrix is decoupled into different subspaces
represented by different number of Majorana fermions.
In time evolution the density matrix exhibits multiply re-
laxation scales, in which the slowest decay is given by the
single particle relaxation. This time scale T ∗ is used to
determine the relaxation time of the many-body ground
state with dissipation. (II) In the weak dissipation limit,
T ∗ ∝ N3/γ, whereN is the total chain length and γ is the
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FIG. 1. (a) The two lowest energy levels in the XY model are
separated from the excited bands by an energy gap g. (b)
The two ferromagnetic (FM) phases in the XY model will be
mapped to two distinct topological p-wave superconducting
phases after fermionization. (c) Energy levels in the fermion
representation, in which the two edge modes, occupied or un-
occupied, give the two-fold degeneracy of the XY model. (d)
The odd-even effect due to the oscillation of coupling between
the two edge modes in the two subchains A and B.
boundary dissipation rate. However, in the strong dissi-
pation limit, T ∗ ∝ γN3. The edge modes are shown to be
most vulnerable to dissipation due to T ∗ ∝ 1/γ. These
results are counter-intuitive because it means that weak
dissipation can induce fast relaxation, while strong dissi-
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2pation can induce weak relaxation. We understand these
results by mapping the single particle dynamics to a non-
Hermitian model. (III) This dynamics exhibits strong
odd-even effect in the weak dissipation limit, which re-
duces to a unified form in the strong dissipation limit.
These results shade new insight into the dissipation and
relaxation of the topological qubits in environment.
Model and Master Equation. We consider a quantum
XY model with boundary dissipation, which reads as
ρ˙ = L(ρ) = −i[HXY, ρ] +D(ρ). (1)
Here HXY = −
∑N−1
i=1 (g1σ
x
i σ
x
i+1 + g2σ
y
i σ
y
i+1) [34–38]
and the dissipation by the Lindblad operator is [39, 40]
D(ρ) = γ2
∑
j=1,N (2σ
z
j ρσ
z
j − 2ρ). This model is fermion-
ized using Majorana operators via Jordan-Wigner trans-
formation as α2j−1 = (
∏j−1
k σ
z
k)σ
x
j , α2j = (
∏j−1
k σ
z
k)σ
y
j ,
after which [41–43]
H = ig1
N−1∑
j=1
α2jα2j+1 − ig2
N−1∑
j=1
α2j−1α2j+2. (2)
In this case, the Lindblad operator is still made by local
dissipation [44]
D(ρ) = −γ
∑
j=1,N
(α2j−1α2jρα2j−1α2j + ρ). (3)
The spectra between the XY model and p-wave super-
conducting model are related by
E =
∑
i
nii, ni = {0, 1}, (4)
thus the N eigenvalues from the single particle Hamil-
tonian can be used to construct all the 2N eigenvalues
in the quantum XY model (see Fig. 1 (a) and (c)). In
the fermion representation the two localized zero modes
at the open ends give rise to the two-fold degeneracy
in the XY model. We focus on g1 > 0 and g2 > 0,
and the phase diagram for the XY model and its corre-
sponding single fermion phases are given in Fig. 1 (b),
with boundary at λ = g2/g1 = 1. In fermion representa-
tion it can be regarded as two separate Majorana chains
A(α1, α4, α5, · · · ) and B(α2, α3, α6, · · · ), as shown in Fig.
1 (d). We can bring Eq. 2 to a form of paired Majorana
operators [43, 45]
H =
i
2
N−1∑
k=1
kb
′
kb
′′
k +
iδEc
2
αLαR, (5)
where δEc ∼ e−N/ξ[(−1)N + 1]. After a special orthog-
onal transformation the Hamiltonian in Eq. 2 can be
brought into small Jordan blocks, with b′k and b
′′
k are
some new Majorana operators, following the prominent
work by Kitaev [43]. By a transformation from Majo-
rana fermion to canonical fermion ck = (b
′
k + ib
′′
k)/2
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FIG. 2. (a) Eigenvalues Re (λnσ) of the super-operator L in
XY model with N = 6, γ = 0.5. Here Re(λnσ) is arranged
in descending order with Re(λnσ) ≥ Re(λn+1σ), and σ = 0, 1
accounts for different parity. (b) The lines are eigenvalues
of H0 + iΓ (see Eq. 11) with smallest imaginary energy and
symbols are Re(λ2σ) of L. In both figures g1 = 1.0, g2 = 0.7.
(c) and (d) show the projection of ρ(t) to the ground state of
the XY model |n〉 (n = 1, 2); and to the edge modes αR/L of
the fermion model, respectively, where ρ(0) = |1〉〈1|. In both
figures g1 = 1.0, g2 = 0.7, N = 6 and γ = 20. (e) and (f) plot
the same results as (c) and (d) with γ = 0.005.
.
and c†k = (b
′
k − ib′′k)/2, the spectra of the bulk bands
can be obtained as ±k. In the last term αL and
αR are edge modes at the left and right edges, which
can be written as αL = α1 − λα5 + λ2α9 − · · · and
αR = α2N − λα2N−4 + λ2α2N−8 − · · · (for λ < 1). In
δEc, ξ ∝ 1/| ln g1 − ln g2| defines the correlation length
[43]. This odd-even effect is a typical feature of coupling
between two distant zero modes, which may happen even
in continuous space [46]. With these operators, the two
ground states in Fig. 1 (a) can be written as
|1〉 = 1 + αL√
2
|0〉, |2〉 = 1− αL√
2
|0〉, (6)
where |0〉 is the ground state satisfying ck|0〉 = 0 for all k
(thus |0〉 = ∏k ck|vac〉, where |vac〉 is the vaccum state).
This dynamics respects the parity symmetry [L, P ] = 0
3with P =
∏N
j σ
z
j = i
N
∏2N
j αj . In the long time limit,
ρ¯ = lim
t→∞ ρ(t) = (I + cP )/2
N , (7)
where c = 〈Ψ0|P |Ψ0〉. This corresponds to the maximal
mixed state at infinite high temperature.
Evolution of the density matrix. The density matrix
can be written as Kronecker product of Pauli matrices.
However, it is more convenient to write this matrix in
terms of Majorana operators as following [47–49],
ρ =
1
2N
∑
ca1,a2,··· ,a2Nα
a1
1 α
a2
2 · · ·αa2N2N , (8)
where aj = {0, 1}. Thus the dynamics of ρ is decoupled
into different subspaces denoted as Kn for n = 0 − 2N ,
where n is the number of Majorana operators given by
n =
∑
i ai. Formally, we have
K = K0 ⊕K1 ⊕K2 ⊕ · · · ⊕ K2N , (9)
where the dimension of Ki is Ci2N . We can readily check
that the dimension of K (the whole space of the Hamil-
tonian) is C02N + C
1
2N + C
2
2N + · · · + C2N2N = 4N . This
decoupling is essentially the same as the probability dis-
tribution in the classical Ising model by Glauber [50]. By
a direct comparison with Eq. 7, we can find that while
the first term (aj ≡ 0) and the last term (aj ≡ 1) are
unchanged, which give Eq. 7; while all the other terms
will disappear in the long time limit.
In principle, the dynamics of ρ can be calculated us-
ing hierarchy equations [50]. We may define the follow-
ing variables ψi = Tr(ραi), ψij = Tr(ραiαj), ψijk =
Tr(ραiαjαk) (with i 6= j 6= k) and then calculate their
time evolution based on the Heisenberg equations. We
find that for the boundary dissipation in Eq. 1, the dy-
namics of these variables are restricted to their own sub-
spaces K1,2,3. This limit will show up the multiply time
scales during dynamics much more clearly. Obviously,
this approach can be generalized to models with more
complicated dissipation and many-body interaction.
We first compare the full calculation of ρ against the
dynamics in subspace K1. In Fig. 2 (a), we present the
real part of the eigenvalues of superoperator L of Eq. 1,
in which the two zero eigenvalues correspond to the un-
changed state in K0 and K2N subspaces. We also calcu-
late the corresponding eigenvalues of this superoperator
in the subspace constructed by K1, which is given in Fig.
2 (b). We find that the smallest eigenvalue Re(λ1σ) of
the L in the XY model is the same as the spectra in K1
subspace, indicating that in the long time limit, all the
higher-order terms in Kk≥2 subspaces decay much faster
than that in K1, leaving K1 to be the dominated relax-
ation channel for the quantum XY model. In Fig. 2 (c)
and (d), we show the projection of ρ(t) to the ground
states of the XY model and the edge modes. In (c), it
will approaches 1/2N (c = 0); while in (d), it will ap-
proaches zero, as expected.
To reinforce this conclusion, we also calculate the
eigenvalues of the superoperator L in subspaces K2 and
K3. Let us denote the eigenvalues as λ in each subspace.
We find that, roughly, the slowest decay rate in K2 is two
times faster than that in K1. Similarly, the decay rate in
K3 is much faster than that in K2. The similar relations
can be found in Ref. [50] by a finite truncation of the hi-
erarchy equations. Thus in the long time and long chain
limits, we can fully characterize the relaxation time of
the many-body system in terms of single particle decay
rate.
With this density matrix, we can understand the dy-
namics in the many-body state for any given initial wave
function. For example, for the result in Fig. 2 (c) and
(e), we can express the dynamics of |n〉〈n| as
Tr(ρ(t)|n〉〈n|)= 1
2N
(c0··· +
∑
i
c0···1i···0(t)〈n|αi|n〉+∑
ij
c0···1i···1j ···0(t)〈n|αiαj |n〉+ · · · ) + (10)∑
ijk
c0···1i···1j ···1k···(t)〈n|αiαjαk|n〉+ · · · ),
where the coefficients can be determined by calculation
the dynamics of the density matrix in each subspace Ki.
Initially, we may find that the coefficients ca1,a2,··· ,a2N
and the overlap 〈n|αa11 αa22 · · ·αa2N2N |n〉 are in the order of
unity, which after a long time relaxation will finally ap-
proach the steady solution in Eq. 7. For this reason
not only the single particle terms, but also all the higher
order terms, which correspond to the many-body relax-
ation, will contribute to the relaxation process. As a
result the dynamics of the many-body state will exhibit
multiply time scales during relaxation, in which some of
these lifetime scales are shown in Fig. 3. Due to the
presence of these multi-particle relaxations, we find that
in general the decay rate of |n〉〈n| is faster than the single
particle ones (see Fig. 2). Noticed that in Fig. 2 (e) and
(f), the decay processes have the same oscillation period
due to the finite coupling between the two edge modes,
which in the many-body case will have the same energy
splitting in the two ground state energy in the XY model
(see Fig. 1 (a) and Eq. 4). However, in an odd chain, this
oscillation will disappear due to the absence of coupling.
Relaxation in the long chain limit. The above results
have established a connection between many-body dy-
namics and single particle dynamics in the long time
limit. Some more issues need to be explained. (1) Why
Re(λ2σ) exhibits an inflexion point at γc ∼ 1; (2) What
will happen in the long chain limit? and (3) What are
the different roles played by the edge modes and bulk
modes during relaxation? We focus on subspace K1, in
which the dynamics of ψi is given by the following non-
Hermitian schro¨dinger equation (see Fig. 5 (a))
i∂tΨ = 2(H0 + iΓ)Ψ, (11)
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FIG. 3. Eigenvalues of the superoperator L and multiply time
scales in the subspaces K2 (a) and K3 (b) with g1 = 1, g2 =
0.5, γ = 0.5 and N = 30 (by open circles). For comparison,
we also present λ1i + λ
1
j in (a) and λ
1
i + λ
1
j + λ
1
k in (b) with
crosses, where λ1i are eigenvalues of L in the subspace K1.
where Γ = diag(−γ, 0, · · · , 0,−γ) and
H0 =

0 ig2 0 · · · 0
−ig2 0 ig1 · · · 0
0 −ig1 0 . . . 0
...
...
. . .
. . . ig2
0 0 0 −ig2 0.
 . (12)
Here we have defined Ψ = (ψ1, ψ4, ψ5, · · · ) in chain A,
while its treatment for chain B is similar. The eigenvalues
in this bordered matrix are determined by [51–53]
∆N =
(g1g2)
m−1
sin θ
[g1g2(2iγ + ) sin(m+ 1)θ
+(−γ2+ ig21γ + ig22γ) sin(mθ)] = 0, (13)
when N = 2m+ 1 is odd; and
∆N =
(g1g2)
m−1
sin θ
[(−γ2 + g21 + i2γ) sin(mθ)
+g1g2 sin(m+ 1)θ − γ2 g2
g1
sin(m− 1)θ] = 0, (14)
when N = 2m is even, via Det(H − ). In the above
equations,  is the eigenvalue and its relation to θ is de-
termined by
2 = g21 + g
2
2 + 2g1g2 cos θ. (15)
When γ = 0 for odd chain, we have n =
±
√
g21 + g
2
2 + 2g1g2 cos θn and θn = npi/(m + 1) for n =
1, · · · ,m and 0 = 0. Thus the energy gap in Fig. 1 (a)
is given by εg = |g1 − g2|.
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FIG. 4. (a) Spectra of the non-Hermitian matrix H0 + iΓ
for g1 = 1, g2 = 0.8, N = 80 with different dissipation rate
γ = 2, 4, 8. (b) m31,i as a function of γ and odd-even effect
with N = 81 and N = 80. (c) Long time evolution of tr(ραL)
for different chains with parameters g1 = 1, g2 = 0.9, γ = 10
. Inset shows the scaling law of lnT ∗ = α lnN , with fitted
parameter α = 2.3 in this time window. (d) Long time evo-
lution of tr(ραL) for different dissipation rates with g1 = 1,
g2 = 0.95, N = 81. Inset gives the scaling law of T
∗ ∝ γ. In
(c) - (d), ρ(0) is the same as that used in Fig. 2 (c) - (d).
We find that for the extended bands, the eigenvalues
and the phase can be written as
n = n,r − in,i, θn = npi
m+ 1
+ zn,r + izn,i, (16)
where n m and n,i, zn,r, zn,i are small numbers in the
sense that limm→∞mzn,i/r = 0. These solutions can be
obtained by linearizing the above nonlinear equations.
(a) In the weak dissipation limit (γ  g1, g2) and in
the odd (o) and even (e) chains, we have
on,i =
(g21 + g
2
2)n
2pi2γ
(g1 + g2)2m3
, en,i =
2g22n
2pi2γ
(g1 + g2)2m3
. (17)
One can easily check our previous approximation that
limm→∞mzn,i/r = 0. The imaginary part of  is respon-
sible for the characteristic relaxation time T ∗ as
T ∗ = max(1/(2n,i)). (18)
This result accounts for the multiply time scales during
relaxation. When γ → 0, T ∗ → ∞, indicating of persis-
tent coherent dynamics. Since n,i ∝ γ, it means that in
the weak dissipation limit, relaxation is still important
and can happen in a finite system. Moreover, we find
that the odd-even effect is still visible in the long chain
limit.
(b) In the strong dissipation limit, the odd-even effect
will vanish, and we find
n,i =
2g21g
2
2n
2pi2
(g1 + g2)2m3γ
. (19)
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FIG. 5. Understanding of the relaxation process induced by
boundary dissipation. (a) Effective Hamiltonian with bound-
ary complex potential. (b) Single particle wave functions and
their overlaps with the edge dissipation. Here N = 2m or
2m+ 1 is the total chain length (see text).
We are surprised to find that in the strong dissipation
limit, the relaxation time T ∗ ∝ γN3, thus it will be
prolonged by the dissipation. The crossover between
these two cases are determined by n,i = 
i
n,i with
i =e, o, which yields γc = g1 in an even chain; and
γc =
√
2g1g2/
√
g21 + g
2
2 in an odd chain. Thus the strong
dissipation regime can be assigned by γ > γc. These in-
flexion points are also numerical verified, which are pre-
sented in Fig. 4 (b). The above solutions are also ap-
proximately correct even in a short chain in regarding
of the fast decay of the imaginary energy according to
n,i ∝ 1/N3.
For the localized edge modes, new decomposition is re-
quired. In the weak dissipation limit, the edge modes are
not changed by the dissipation and we can make pertur-
bation around cos(θc) = − (g
2
1+g
2
2)
2g1g2
, which yields
L = R = −iγ(1− λ2), (20)
for the two modes at the left and right ends. In the strong
dissipation limit, the edge modes will be fully localized
at the two ends, thus we can assume  ' −iγ, and by
perturbation about cos
(
θ˜c
)
= − (γ2+g21+g22)2g1g2 , we have
L = −iγ + ig22/γ, R = −iγ + ig21/γ, (21)
in odd chian and
L = R = −iγ + ig22/γ, (22)
in even chain. These results are independent of chain
length, indicating that in the long chain limit the relax-
ation time is fully determined by the bulk bands, while
the edge modes are most vulnerable to dissipation.
Understand of these results. Let us try to understand
these anomalous results using perturbation theory (see
Fig. 5). Firstly, in the weak dissipation limit we can
treat Γ as perturbation. Based on the first-order per-
turbation theory, we find that for the localized edge
modes, we have L = Im〈ψe|iΓ|ψe〉 = −iγ|ψe(1)|2 =
−iγ(1 − λ2), with wave function at the left end as
ψe ∼ (1, 0, λ, 0, λ2, · · · ) (see Fig. 5 (b)). In this case,
the dissipation can be independent of total chain length.
For the extended bands in an even chain, the wave func-
tion at each site x is ψnN∈e(x ∈ e) ∝ sin
(
npix
N+ 2λ1+λ
)
and ψnN∈e(x ∈ o) ∝ sin
(
npi(N+1−x)
N+ 2λ1+λ
)
, where n is
the band index. In an odd chain, ψnN∈o(x ∈ e) ∝√
λ2 + 1 + 2λ cos θn sin
(
(N−x+1)
2 θn
)
and ψnN∈o(x ∈ o) ∝
λ sin
(
(N−x2 + 1)θn
)
+ sin
(
L−x
2 θn
)
, where θn =
2npi
(N+1) .
Then we find n,i = 〈ψnN |Γ|ψnN 〉, which will recover the
expression in Eq. 17. In the strong dissipation limit, we
need a different decomposition H0 + iΓ = H0 + iΓ + V ,
where H0 = P1H0P1 and V = P2H0P2 (P1 is the projec-
tor into the zero subspace of iΓ, while P2 is orthogonal
to P1). After a few algebra, we find
V =

0 ig2 0 · · · 0
−ig2 0 0 · · · 0
0 0 0
. . . 0
...
...
. . .
. . . ig2
0 0 0 −ig2 0.
 , (23)
which contains only the coupling at sites 2 and L − 1,
while all the couplings equal to zero exactly. H0 can be
obtained by extracting V from H0 (see Eq. 12). We
can treat V as a perturbation, and via the second-order
perturbation theory, we have
n,i ∝ −
∑
j=a,b
〈ψ˜nN |V |j〉〈j|V |ψ˜nN 〉
(En − Ej) , (24)
where the extended bands ψ˜nN (1) = ψ˜
n
N (N) = 0,
ψ˜nN (x) ∝ ψnN−2(x − 1), with x = 2, . . . , N − 1 and the
localized modes |a〉 = (1, 0, 0 · · · ), |b〉 = (· · · 0, 0, 1). This
expression yields Eq. 19 (see the overlap between the
bulk modes and the edge dissipation in Fig. 5 (b)).
We present the dynamics of tr(ραL) in Fig. 4 (c),
where αL is the localized edge modes without dissipa-
tion. Since strong dissipation can influence the profile
of the edge modes, αL is no longer the eigenvector of
H0 + iΓ. By a linear fitting we find
lnT ∗ = α lnN + α′, (25)
where α ∼ 2.3. The exponent of α = −3 is not
reached due to the finite time window in simulation. This
is because we only consider the dissipation of the ex-
tended bands ψ˜nN from its overlap with the edge modes
(〈ψe|ψ˜nN 〉 6= 0), thus the dynamics of tr(ραL) is dom-
inated by the extended bands in the long time limit.
However, this will not influence the scaling of T ∗ with
respect to γ (see Fig. 4 (d)), since all the bulk bands
have the same scaling law T ∗ ∝ γ.
Conclusion. Dissipation in the many-body system is a
fundamental problem that up to date has not yet been
6well understood. We explore the dissipation induced re-
laxation in a quantum XY model with boundary dissipa-
tion, in which the relaxation is characterized by a char-
acteristic time T ∗. In the long-time limit it is fully de-
termined by the dynamics of single particle physics. We
explore the roles played by edge modes and bulk bands,
and their scaling laws with respect to chain length and
dissipation rate. An intuitive picture based on an equiv-
alent non-Hermitian model is proposed. These results
may also suggest that the lowest two states protected by
a finite gap width can not serve as quantum memory un-
der dissipation, in consistent with the conclusions in the
previous literature [54–59].
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